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Abstrat
The generalized Verlinde formulae expressing traes of mapping lasses orresponding to automor-
phisms of ertain Riemann surfaes, and the ongruene relations on allowed modular representations
following from them are presented. The surfaes onsidered are families of algebrai urves given by
suitably hosen equations, the modular urve X (11), and a fator urve of X (8). The examples of
modular urves illustrate how the study of arithmeti properties of suitable modular representations
an be used to gain information on automorphi properties of Riemann surfaes.
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Rational Conformal Field Theories (RCFT) [1℄ appear in several areas of physis and mathematis.
Their lassiation would imply important results in e.g. string theory, 2D ritial phenomena and topol-
ogy of 3D manifolds. A key part of the lassiation problem is the lassiation of allowed modular
representations orresponding to a RCFT. This representation is generated by the matries S and T that
are determined by modular properties of genus 1 haraters:
χp(
−1
τ
) =
∑
q
Spqχq(τ) (1)
χp(τ + 1) =
∑
q
Tpqχq(τ)
Besides the modular relations S4 = I, (ST )3 = S2, whih ensure that they generate the group SL(2,Z),
they have to satisfy additional onstraints oming from the extra struture of a RCFT lying behind them
(see e.g. [2℄). A well known example of these is the formula of Verlinde
dimV0(p, q, r) =
∑
s
SpsSqsSrs
S0s
(2)
whih expresses the dimension of the spae of genus 0 holomorphi bloks with insertions of primaries
p, q, r in terms of modular matrix elements. Clearly, for all allowed modular representations the above
ombination of matrix elements has to give a positive integer. But Verlinde's theorem alone doesn't give a
suient ondition for a modular representation to ome from a RCFT. For example, it was found in [3℄
that it is possible to obtain independent onstraints by generalizations of Verlinde's formula. The omplete
haraterization of these formulae and their geometri origin was presented in [4℄ - in the following we shall
review its main results.
It follows from Verlinde's formula (2) that the dimension of the spae of genus g holomorphi bloks
(denoted as Vg) might be expressed as [5℄
dimVg =
∑
q
S2−2g0q (3)
In a similar way as the modular group is represented on V1, a RCFT denes a natural representation of
the mapping lass group Mg on the spae Vg. (The elements of Mg are equivalene lasses of onformal
1
mappings of genus g surfaes generated by Dehn twists. These at on the Teihmüller spae Tg of genus g
losed Riemann surfaes and are also projetively represented on the spae of genus g holomorphi bloks - a
speial ase of this for g = 1 is the ation of the modular group on the upper half-plane, giving the modular
representation (1).) The formula (3) expresses the trae of the identity operator of these representations.
The main result of [4℄ was to show that the traes of all nite order elements of Mg might be expressed
via generalized Verlinde formulae in terms of modular matrix elements.
In order to write generalized Verlinde formulae in a ompat form, we rst have to dene Λ-matries.
For r ∈ Q take any M ∈ SL(2,Z) suh that r = M(∞), let −r∗ = M−1(∞), and then Λ(r) = T rMT r
∗
(M
and T denote here the representation matries on V1). It an be shown that this denition is independent
of the hoie of M , and that Λ-matries have the following properties: Λ(r + 1) = Λ(r) and Λ(0) = S.
The appropriate generalizations of the right hand side of (3) are the twisted dimensions dened as
Dg (r1 . . . rn) =
∑
q
S2−2g0q
n∏
i=1
Λq0(ri)
S0q
(r1, . . . rn ∈ Q)
The rationals (r1 . . . rn) are alled the harateristis of the twisted dimension. We shall later use the
shorter notation Dg
(
[r1]
l1 , . . . , [rn]
ln
)
for the twisted dimension whose harateristis ontains the rational
ri li times. Twisted dimensions and Λ-matries play an important role in the theory of permutation
orbifolds, and more about their properties an be found in [6℄. The name twisted dimension expresses
the fat that, with the above notation, (3) might be written as
dimVg = Dg
The trae formula given in [4℄ for γ ∈Mg is
Tr(γ) = Dg∗ (r1, . . . , rn) (4)
where g∗ and r1, . . . , rn are determined by γ in the following way. It is known from a theorem of Nielsen [7℄
that if γ is of nite order, then it has a xed point in its ation on Teihmüller spae. Furthermore, γ might
be lifted to an automorphism (i. e. a biholomorphi self-mapping) of the Riemann surfae orresponding
to the xed point. The parameters g∗ and r1, . . . , rn in (4) are ertain harateristis of this automorphism
(we shall return to the details later). This approah was taken in [4℄ to obtain trae formulae for nite
order elements of M1. The nite order elements of this group are (onjugate to) members of the subgroups
〈S〉 and 〈ST 〉 that x the points τ = i, e
2pii
3
, respetively. Unfortunately, muh less is known about nite
order elements of higher genus mapping lass groups and their xed points in Teihmüller spae. These
orrespond to Riemann surfaes with non-trivial automorphism groups, and the theory of these (espeially
the ones with large automorphism groups) is a rih area of mathematis with many open questions [9℄.
One of the basi theorems here is a theorem of Hurwitz, whih states that the order of the automorphism
group of a genus g ≥ 2 surfae is bounded by |A| ≤ 84(g−1). The famous lowest genus example where this
bound is saturated is the Klein quarti - a genus 3 surfae with automorphism group PSL(2, 7) of order
168.
Even if a systemati treatment of surfaes, like in the ase of M1, is not possible, we may pik some
Riemann surfaes with well known automorphi properties, and try to write down the trae formulae
orresponding to their automorphisms. In [4℄ this was illustrated on the example of the Klein quarti.
The aim of the present note is to onsider other Riemann surfaes where a similar analysis an be arried
out. First, we onsider families of algebrai urves given by algebrai equations that are suitable for our
purposes (i.e. some of their automorphisms an be given in a partiularly simple form). This will lead
to innite series of trae formulae. After that, we shall turn to modular urves, mainly beause they are
interesting from a mathematial point of view - e.g. they possess large automorphism groups. The arising
trae formulae are presented for two surfaes - that is the full harater of their automorphism group (of
order 84 and 660) is given in terms of twisted dimensions.
Let's now reall how an automorphism of a Riemann surfae determines the harateristis of the
twisted dimension in the orresponding trae formula. Consider a losed genus g Riemann surfae S and
an element of its automorphism group γ ∈ Aut(S) of order N . One may onstrut a new surfae S/γ by
identifying the points on γ orbits. The omplex struture of S/γ is dened so that the natural projetion
map π : S → S/γ beomes a holomorphi N sheeted overing map. The parameter g∗ in (4) denotes
the genus of S/γ. The points on γ orbits with non-trivial stabilizer subgroups orrespond to ramiation
points of π, and the ramiation index equals the order of the stabilizer subgroup. Let the number of suh
2
γ orbits be r, and the order of stabilizer subgroups be n1, . . . , nr (learly ni|N). There are mi = N/ni
ramiation points on eah orbit, so the total branhing order of π is B =
∑r
i=1
(ni−1)N
ni
. Then the genus
g∗ might be expressed by the Riemann-Hurwitz formula as
g∗ =
g − 1
N
−
r∑
i=1
(ni − 1)
2ni
+ 1 (5)
(g∗;n1, . . . , nr) shall be referred to as the signature of γ (or the orresponding branhed overing). In terms
of a suitably hosen loal oordinate z the ation of γN/ni (whih is an element of the stabilizer subgroup)
an be written near a branh point on the i-th orbit as
γN/ni : z → e
2pii
ki
ni z (6)
where 0 < ki < ni, and is oprime to ni. The rationals in the trae formula (4) are then dened as ri =
ki
ni
,
and they are alled the monodromy of the overing.
It will be useful to notie a few onsequenes of suh trae formulae on the arithmeti properties of the
involved twisted dimensions. First, let's note that γl for gcd(l, N) = 1 is also an order N automorphism of
the surfae, with the same orbits as γ. Its signature is therefore the same as that of γ, and further, from
the denition (6) it follows that its monodromies are (lki)/ni, where we use the natural onvention that
multipliation (and inversion) of ki-s should be understood mod ni. Thus the trae of γ
l
is expressed by
the formula
Tr(γl) = Dg∗
(
lk1
n1
, . . . ,
lkr
nr
)
if gcd(l, N) = 1 (7)
If gcd(l, N) > 1, then the signature and monodromies of γl are still determined by those of γ, but the rule
is more ompliated - a few examples an be read o from Tables 1,2. In the most important ase when N
is prime, this means that TrVg (I) = Dg and Tr(γ
l) = Dg∗
(
lk1
N , . . . ,
lkr
N
)
for 1 ≤ l < N form a harater of
the group 〈γ〉 ∼= ZN = Z/NZ. If N is prime, this is equivalent to the following onditions on the twisted
dimensions (whih they should satisfy in any RCFT):
1. The fat that the salar produt of this harater with the trivial harater of ZN is a multiple of N ,
implies the following ongruene relation on twisted dimensions
Dg +
N−1∑
l=1
Dg∗
(
lk1
N
, . . . ,
lkr
N
)
≡ 0 mod N (8)
2. The formula (4) also restrits the Galois transformation properties of twisted dimensions. It is known
that Tr(γ) is an element of Q[ζN ], where ζN = exp(
2pii
N ) (N = ord(γ) is not neessarily a prime here).
The Galois group Gal(Q[ζN ]/Q) ats on this eld by Frobenius transformations σl (gcd(l, N) = 1),
whih leave Q xed and take ζN to ζ
l
N . It is lear that Tr(γ
l) = σl(Tr(γ)), therefore the twisted
dimensions appearing in trae formulae possess the following Galois transformation property
σl
(
Dg∗
(
k1
n1
, . . . ,
kr
nr
))
= Dg∗
(
lk1
n1
, . . . ,
lkr
nr
)
if gcd(l, N) = 1 (9)
The Galois ation on Λ matries was already studied in [8℄ using permutation orbifold tehniques.
The same Galois transformation property of twisted dimensions follows from the results of [8℄ if N
is prime, and
∑r
i=1
k−1
i
N ∈ Z, where k
−1
i is the mod N inverse of ki. The later ondition is always
satised by monodromies as a onsequene of the monodromy theorem (we shall show this expliitly
in the ase of some algebrai urves). Therefore, if N is prime, the only new onstraint on twisted
dimensions is the ongruene relation (8).
It's possible to strengthen these restritions if γl is onjugate to γ in Mg for all l ∈ M where M is a
multipliative subgroup of Z∗N . Then Dg∗
(
k1
n1
, . . . , krnr
)
has to be invariant under the ation of σl if l ∈M ,
therefore is restrited in all RCFT-s to fall in the eld Q[
∑
l∈M ζ
l
N ]. This also allows us to simplify the
ongrune relations. In partiular, if N is prime and M = ZN , then Dg∗
(
k1
n1
, . . . , krnr
)
is invariant under
3
the full Galois group, therefore is an integer (beause it is a trae). Then the ongruene relation (8) an
be written, after adding Dg∗
(
k1
n1
, . . . , krnr
)
to both sides, as Dg∗
(
k1
n1
, . . . , krnr
)
≡ Dg.
After having seen how generalized Verlinde formulae restrit the arithmeti properties of twisted di-
mensions, let us now evaluate them for some expliit Riemann surfae automorphisms. In the rst example
we shall onstrut automorphisms whose signatures and monodromies an be easily read o from their
denition.
Consider rst the surfae S given by the equation
wN = (z − e1)
k1 . . . (z − er)
kr
(10)
where ei (i = 1 . . . r) are distint points in C, 1 ≤ ki ≤ N are oprime to N , and
∑r
i=1(ki/N) ∈ N.
In this ase the mapping z : S → P1 is an N sheeted branhed overing map (the points over z are
(ζiNw, z) i = 0 . . .N − 1 for any solution w of (10)). The ramiation points of ramiation index N are
(0, ei), i = 1 . . . r.
1
The total branhing order of z is then B = (N − 1)r (B is even beause either N
or ki-s are odd, but in the later ase r has to be even if
∑r
i=1(ki/N) ∈ N), therefore the genus of S is
g = B/2 − N + 1 = (N − 1)(r/2 − 1) using (5). The overing transformation t : (w, z) 7→ (ζNw, z) is
an automorphism of order N , whose xed points are the ramiation points of the over. The orbits of
t are the points over z, therefore the natural projetion map πt : S → S/t is the same mapping as z.
This means that, sine S/t ∼= P1, the signature of t is (0;N, . . . , N) where N appears r times. In order
to determine the monodromy of t at a given point (0, ei), we shall hoose a suitable loal oordinate on
S near this point. Sine the mapping zi(z) : S → C (see (11)) dened in a neighborhood of (0, ei) is a
loally holomorphi mapping of ramiation index N in (0, ei) (beause z is of ramiation index N , and
zi is loally biholomorphi), and takes (0, ei) to 0, there exists a loal oordinate λ on S near (0, ei), suh
that zi(z) = λ
N
. Sine t leaves z, thus also zi(z), invariant, it has to at on λ as t : λ 7→ ζ
l
Nλ for some
0 ≤ l ≤ N − 1. From (11) and (10) it follows that wN = zkii , therefore we an hoose λ, suh that w = λ
ki
.
Sine ζNw = t(w) = t(λ)
ki = ζlkiN λ
ki = ζlkiN w it follows that l ≡ k
−1
i mod N . Therefore, we have found
that the monodromy of t at (0, ei) is k
−1
i /N , thus the generalized Verlinde formula for t is the following
Tr(t) = D0
(
k−11
N
, . . . ,
k−1r
N
)
This yields the following ongruene relation (see (8), and reall that the genus of S is g = (N−1)(r/2−1))
D(N−1)( r
2
−1) +
N−1∑
l=1
D0
(
lk−11
N
, . . . ,
lk−1r
N
)
≡ 0 mod N (12)
for any hoie of 1 ≤ ki ≤ N − 1 oprime to N suh that
∑r
i=1(ki/N) ∈ N. Further, we obtained that
under Galois transformations D0
(
k−1
1
N , . . . ,
k−1r
N
)
behaves as in (9) whih is in aordane with the results
of [8℄ sine
∑r
i=1(ki/N) ∈ N. A similar, but more lengthy analysis ould be done in the ase if ki is not
neessarily relatively prime to N . The main dierene is that there is in general more than one point over
z = ei, therefore one has to be more areful in determining the ation of t on (and near) these orbits.
To onstrut an algebrai urve with more automorphisms, onsider a surfae S ′ similar to the example
in [10℄ p. 247
wN = (zq − eq1)
k1 . . . (zq − eqr)
kr
(13)
where 0 6= ei ∈ C, 1 ≤ ki ≤ N − 1,
∑r
i=1(ki/N) ∈ N. For simpliity, let both N 6= q be primes. Note that
this is a speial ase of (10) sine (zq − eqi ) =
∏q−1
j=0(z − ζ
j
qei), thus in this ase the ramiation points of
1
To see this, rst hoose a loal oordinate zi(z) in the neighborhood of ei suh that
zi(ei) = 0 and (z − e1)
k1 . . . (z − er)
kr = z
ki
i (11)
where the seond equation has a loally biholomorphi solution, beause both sides are of order ki at ei. In the new oordinate
the Puisseux series over zi = 0 is w = z
ki/N
i , whih is of ramiation index N sine ki is oprime to N . We also need to prove
that S is unbranhed over z = ∞. For this hoose a loal oordinate z∞(∞) = 0 and (z − e1)k1 . . . (z − er)kr = z
−
∑r
i=1 ki
∞ ,
whih is again possible beause the order of the left hand side at∞ is −
∑r
i=1 ki. In this oordinate the funtion elements over
∞ are w = ζNz
−
∑r
i=1(ki/N)
∞ , and these are unbranhed beause
∑r
i=1(ki/N) ∈ N. This explains our hoie
∑r
i=1(ki/N) ∈ N
- if we wouldn't require it, the over would be branhed over ∞, and the same ondition would hold after inluding the
monodromy at ∞. In a topologial approah this might be seen to be the onsequene of the monodromy theorem.
4
proj (all of ramiation index N) are the qr points ζjq ei (j = 0 . . . q − 1, i = 1 . . . r). Consequently, the
genus of S ′ is (N − 1)(qr/2− 1). The mapping γ : (w, z) 7→ (w, ζqz) is an automorphism of order q, whose
xed points an only be the 2N points over z = 0,∞ (note that z is unbranhed at these points). At the
points over z = 0 the values of w are dierent, so these are xed points of γ (whih doesn't hange the
value of w). Further, at these N points z is unbranhed, therefore a good loal oordinate on S ′, so the
denition of γ already ontains the dening relation of its monodromies at z = 0, whih all equal 1/q. For
z = ∞ the value of w for all N points over it is ∞, so they are not neessarily xed by γ. In order to
determine the ation of γ on this orbit, we have to onsider its ation in the neighborhoods of these points.
In terms of the loal oordinate ξ = 1/z we might rewrite (13) as
wN = ξ−q
∑
r
i=1
ki
r∏
i=1
(1− (eiξ)
q)ki
Therefore the funtion elements lying over ξ = 0 are
wl = ζ
l
Nξ
−q
∑
r
i=1(ki/N)
∑
i
aiξ
qi
(where the term
∑
i aiξ
qi
represents any, at ξ = 0 loally holomorphi, Nth root of
∏r
i=1(1 − (eiξ)
q)ki).
Sine
∑r
i=1(ki/N) ∈ N these are meromorphi funtions of ξ
q
, so they are xed by γ. Therefore, the points
over z = ∞ are also xed points of γ. Just as in the ase of z = 0, ξ is a good loal oordinate on S ′ at
these points, so the monodromy of γ here is −1/q. The total branhing order of γ is then 2N(q− 1), hene
the genus of S ′/γ is g∗ = (N − 1)(r/2− 1). Finally, the trae of γ may be expressed as
Tr(γ) = D(N−1)( r
2
−1)
([
1
q
]N
,
[
−1
q
]N)
This implies the ongruene relation
D(N−1)( qr
2
−1) +
q−1∑
l=1
D(N−1)( r
2
−1)
([
l
q
]N
,
[
−l
q
]N)
≡ 0 mod q (14)
for arbitrary primes N 6= q, and arbitrary 2 ≤ r ∈ N.
After these general examples, where we ould identify only a small subgroup of the full automorphism
group, let us now turn to urves with larger automorphism groups, namely the modular urves. Given a
nite index normal subgroup G ⊳ Γ(1) = PSL(2,Z) one may onstrut a surfae H/G by identifying the
points in orbits of G on the upper half-plane H. Compatifying this surfae amounts to adding the orbits
of G on {∞}
⋃
Q (the usps). In the following we use the notation H/G for this ompatied surfae.
Elements of A = Γ(1)/G, by their natural ation on the orbits, are automorphisms of the surfae.
An interesting ase is when G is a prinipal ongruene subgroup
Γ(N) = {A ∈ Γ(1)|A ≡
(
1 0
0 1
)
modN}
The losed surfae X (N) = H/Γ(N) is alled a modular urve. Its automorphism group A = Γ(1)/Γ(N)
is the projetive speial linear group over the ring of integers mod N . The rst interesting surfae in
this series is X(7), whih is the Klein quarti with automorphism group PSL(2, 7). The properties of its
automorphisms are well known, and the arising trae formulae are given in [4℄. In general, for N ≥ 7 the
genus of the surfae X (N) is gN =
|A|
4 (
1
6 −
1
N ) + 1, where the order of the automorphism group A is half
of the order of SL(2, N) whih is a multipliative funtion of N given by |SL(2, pr)| = p3r−2(p2 − 1) for p
prime.
Our aim is to present a method whih allows to write down the trae formulae for automorphisms of
several suh surfaes. First, we need to examine the ation of A = Γ(1)/G on H/G, and in partiular
to nd the orbits with non-trivial stabilizer subgroups. Suppose that an automorphism γG ∈ A xes the
point Gx (where γ ∈ Γ(1) and x ∈ H
⋃
Q
⋃
{∞}). This means that γGx = Gx ⇒ γgx = x (for some
g ∈ G), i.e. x is xed by some element of Γ(1). It is known that there are only 3 orbits of Γ(1) on
H
⋃
Q
⋃
{∞} with non-trivial stabilizer subgroups: the orbits of the points i, ∞ and e(2pii)/3, whih are
5
xed by S =
(
0 1
−1 0
)
, T =
(
1 1
0 1
)
, and ST , respetively. On the surfae H/G these Γ(1) orbits
orrespond to three A orbits with stabilizer subgroups generated by the osets of S, T and ST - the rest
of the orbits of A are regular. We may use this, for example, to ompute the genus of H/G using the |A|
sheeted overing map π : H/G → (H/G)/A ∼= H/Γ(1) ∼= P1 (with e.g. H/Γ(1) denoting the ompatied
surfae). This also allows us to determine the signature of any element of A using only group theory -
we shall illustrate this on an example. Consider the surfae X (11) of genus 26, with automorphism group
PSL(2, 11) whose order is 660. The oset of T is of order 11 sine
(
1 1
0 1
)11
=
(
1 11
0 1
)
≡
(
1 0
0 1
)
mod 11. Therefore the length of the A orbit of G∞ (whose stabilizer subgroup is 〈T 〉) is 660/11=60. All
of its points are xed by some subgroup onjugate to 〈T 〉, and sine there are 12 dierent suh subgroups,
60/12=5 among these points are xed by T . Sine T is not onjugate to S or ST , these are all the points
xed by T , whose signature is then (g∗ = 1; 11, 11, 11, 11, 11) (where g∗ is omputed using (5)). Similar
onsiderations allow us to determine the signature of any automorphism onstruted this way.
The monodromies k1/n1, . . . , kr/nr, however, depend on the omplex struture of these surfaes near
the xed points, and may not be determined in a purely algebrai way. One possible numerial way
to get around this diulty, if we know the signature of the automorphism, is the use of generalized
Verlinde formulae. For all possible hoies of k1, . . . , kr one may ompute the value of the orresponding
twisted dimension in any suitable RCFT, and hek e.g. if the ongruene relation (8) holds. This turns
out to severely restrit the possible hoies of monodromies. To illustrate this, let us again onsider the
automorphism T on the surfae X (11). In this ase T , T 3, T 4, T 5 and T 9 all fall into one onjugay lass,
and the rest of them in another. Therefore Tr(T ) has to be invariant under Galois transformations σl
for l = 3, 4, 5, 9, i.e. it has to be an element of Q[ζ11 + ζ
3
11 + ζ
4
11 + ζ
5
11 + ζ
9
11]. It is enough to hek this
property for the twisted dimensions oming from the Ising model, to nd out that the only possible hoies
are {ki|i = 1 . . . 5} = {1, 1, 1, 2, 6} or {1, 3, 4, 5, 9}, plus the sets obtained by simultaneously multiplying
the elements of these by any number mod 11. One might hope that heking other properties (like the
ongruene relation), or onsidering other RCFT-s would rule out some of these, but this is not the situation.
There are two reasons for this. First, reall that we have found these sets by requiring invariane of twisted
dimensions under Galois transformations σl for l = 3, 4, 5, 9, so the simultaneous multipliation of ki-s by
3, 4, 5 or 9 doesn't hange the value of the twisted dimension. The multipliation by 2, 6, 7, 8 or 10 (or
the orresponding Galois transformation) ould hange the value of the twisted dimension - this amounts
to exhanging the haraters orresponding to the two onjugay lasses ontaining the automorphisms
T l. However, there is an outer automorphism of PSL(2, 11) whih exhanges the same onjugay lasses,
therefore all our onstraints (whih are based on the fat that these twisted dimensions form a harater of
PSL(2, 11)) are also satised by the harater with the twisted dimensions exhanged. This explains the
ambiguities up to simultaneous multipliation, and in a sense this reets our freedom in hoosing whih
automorphism we all T . The soure of the remaining ambiguity is unlear, and it leads to an interesting
phenomenon. After heking in several RCFT-s, one may onjeture that the equality
Dg
(
1
11
,
1
11
,
1
11
,
2
11
,
6
11
)
= Dg
(
1
11
,
3
11
,
4
11
,
5
11
,
9
11
)
(15)
holds independently of the genus g. In general, similar equalities an be found for other surfaes, preventing
us from an unambiguous determination of the monodromies.
2
Most of these equalities (like the above)
don't follow from known symmetries of twisted dimensions. However, the existene of suh equalities is
not surprising. Reall that the method of writing down the trae formula for a mapping lass γ depended
on the hoie of its xed points. Therefore, in general there an be several twisted dimensions expressing
the trae of the same mapping lass, whih ould prove an equality like (15) for a ertain genus. For the
rest of the onjugay lasses of PSL(2, 11) one may unambiguously determine the monodromies, and the
results are summarized in Table 1.
2
In the present ase we might exlude the set {1, 1, 1, 2, 6} by the use of Eihler Trae Formula [10℄. It is known that the
automorphism group is represented on the spae of holomorphi dierentials. The Eihler Trae Formula states that the trae
of γ in this representation an be expressed in terms of its monodromies as
Tr(γ) = 1 +
r∑
i=1
exp(2pii ki
ni
)
1− exp(2pii ki
ni
)
For the hoie {ki|i = 1 . . . 5} = {1, 1, 1, 2, 6} the value of the above expression doesn't fall in Q[ζ11 + ζ311 + ζ
4
11 + ζ
5
11 + ζ
9
11],
but as we previously saw, this would be required from the harater of the onjugay lass of T in PSL(2, 11).
6
order number representative trae
5 264
(
2 0
0 6
)
D6
11 60 T, T 3, T 4, T 5, T 9 D1
(
1
11 ,
3
11 ,
4
11 ,
5
11 ,
9
11
)
11 60 T 2, T 6, T 7, T 8, T 10 D1
(
2
11 ,
6
11 ,
7
11 ,
8
11 ,
10
11
)
2 55 S D12
([
1
2
]6)
3 110 ST, (ST )2 D8
(
1
3 ,
1
3 ,
2
3 ,
2
3
)
6 110 x2 = ST, y3 = S D4
(
1
2 ,
1
2 ,
1
3 ,
2
3
)
Table 1: Trae formulae for Aut(X (11)) = PSL(2, 11)
The resulting ongruene relations are the following
D26 −D6 ≡ 0 mod 5
D26 + 5D1
(
1
11
,
3
11
,
4
11
,
5
11
,
9
11
)
+ 5D1
(
2
11
,
6
11
,
7
11
,
8
11
,
10
11
)
≡ 0 mod 11
D26 −D12
([
1
2
]6)
≡ 0 mod 2 (16)
D26 −D8
(
1
3
,
1
3
,
2
3
,
2
3
)
≡ 0 mod 3
D26 + 2D4
(
1
2
,
1
2
,
1
3
,
2
3
)
+ 2D8
(
1
3
,
1
3
,
2
3
,
2
3
)
+D12
([
1
2
]6)
≡ 0 mod 6
As another example takeG = {A ∈ Γ(1)|A ≡
(
2n+ 1 0
0 2n+ 1
)
mod 8, n ∈ Z}=Γ(8)/
〈(
5 0
0 5
)〉
.
The arising surfae is X (8)/
(
5 0
0 5
)
of genus 3. Its automorphism group (Γ(1)/Γ(8))/
〈(
5 0
0 5
)〉
is
of order 96. The monodromies may be determined unambiguously, and the values of all involved twisted
dimensions must be integers. The results are listed in Table 2.
7
order number representative trae
8 24 T 2k+1 D0
(
1
8 ,
5
8 ,
1
4
)
4 6 T 2, T 6 D0
([
1
4
]4)
2 3 T 4 D1
([
1
2
]4)
2 12 S D1
([
1
2
]4)
3 32 ST, ST 2 D1
(
1
3 ,
2
3
)
4 18 x2 = T 4 D1
(
1
2 ,
1
2
)
Table 2: Trae formulae for Aut
(
X (8)/
(
5 0
0 5
))
The arising ongruene relations are
D3 + 4D0
(
1
8
,
5
8
,
1
4
)
+ 2D0
([
1
4
]4)
+D1
([
1
2
]4)
≡ 0 mod 8
D3 + 2D0
([
1
4
]4)
+D1
([
1
2
]4)
≡ 0 mod 4
D3 +D1
([
1
2
]4)
≡ 0 mod 2 (17)
D3 −D1
(
1
3
,
2
3
)
≡ 0 mod 3
D3 +D1
(
1
2
,
1
2
)
≡ 0 mod 2
We have hosen this surfae beause of the remarkable property that not only its genus, but also the trae
identities for S and ST are the same as in the ase of the Klein quarti. A possible reason for this ould
be if the mapping lasses of these automorphisms are onjugate in M3,0.
We have seen that generalized Verlinde formulae provide a onnetion between Riemann surfae au-
tomorphisms and arithmeti properties of twisted dimensions. The existene of a Riemann surfae au-
tomorphism with given signature and monodromies implies (among others) a ongruene relation in the
form of (8) and the Galois transformation property (9). In the ase of algebrai urves with suitable
automorphisms this leads to the series of ongruene relations (12) and (14). The rst of these ontains a
ongruene relation for any possible signature with g = 0, and monodromies allowed by the monodromy
theorem, while the seond ontains examples for signatures with g > 0. These relations give restritions on
the properties of allowed modular representations, and they might be useful in lassiation attempts. The
examples of modular urves illustrate how generalized Verlinde formulae an be used to obtain information
about automorphi properties of Riemann surfaes. The arising trae formulae in Tables 1, 2 are examples
where the full harater of a large automorphism group an be expressed in terms of twisted dimensions.
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